In this paper the multiconfigurational time-dependent Hartree for bosons method (MCTDHB) is derived for the case of N identical bosons with internal degrees of freedom. The theory for bosons with internal degrees of freedom constitutes a generalization of the MCTDHB method that substantially enriches the many-body physics that can be described. We demonstrate that the numerically exact solution of the time-dependent many-body Schrödinger equation for interacting bosonic particles with internal degrees of freedom is now feasible. We report on the MCTDHB equations of motion for bosons with internal degrees of freedom and their implementation for a general many-body Hamiltonian with one-body and two-body terms that, both, may depend on the internal states of the considered particles. To demonstrate the capabilities of the theory and its software implementation integrated in the MCTDH-X software, we apply MCTDHB to the emergence of fragmentation of parabolically trapped bosons with two internal states: we study the groundstate of N = 100 parabolically confined bosons as a function of the separation between the state-dependent minima of the two parabolic potentials. To quantify the coherence of the system we compute its normalized one-body correlation function. We find that the coherence within each internal state of the atoms is maintained, while it is lost between the different internal states. This is a hallmark of a new kind of fragmentation which is absent in bosons without internal structure. We term the emergent phenomenon "composite fragmentation". * axel.lode@unibas.ch
I. INTRODUCTION
Since their first creation in ultracold atomic samples of Rubidium [1] , Sodium [2] , and Lithium [3] in 1995, Bose-Einstein condensates have served scientists as a versatile toolbox for quantum simulation of other quantum systems in, for instance, condensed matter [4] [5] [6] [7] . Recent experimental developments with ultracold atoms include the implementation of state-dependent one-body potentials [8] [9] [10] , artificial spin-orbit coupling [11] and gauge fields [5, 6] . These developments make it necessary to scrutinize several internal degrees of freedom or the hyperfine states of the atoms.
On the theoretical side, the description of such systems necessitates dealing with the timedependent many-body Schrödinger equation of interacting, indistinguishable bosonic particles with an internal structure. Popular approaches to the problem in continuous space are the mean-field Gross-Pitaevskii approach [12] [13] [14] and its stochastic variations [15, 16] . For atoms in discretized space or lattices, matrix product states [17] [18] [19] and the discrete nonlinear Schrödinger equation [14] are widespread methods.
There is to date, however, no "general" and in principle exact theoretical description for bosonic atoms with internal structure in continuous space. Here, "general" stands for giving reliable predictions for the many-body physics and correlations of interacting bosons with internal structure for any spatial dimension, any interparticle interaction, and any one-body potential. Most realizations of ultracold bosons with internal degrees of freedom are therefore described with a multi-component Gross-Pitaevskii equation [20] [21] [22] [23] [24] [25] . In the case of bosonic particles without structure a method which self-consistently incorporates correlations has been devised: the (multi-layer) multiconfigurational time-dependent Hartree for bosons method (MCTDHB) [26, 27] ( [28] ). In particular, MCTDHB is capable of describing fragmentation [29] [30] [31] [32] and correlations [33, 34] , i.e., samples of ultracold bosons where the reduced one-body density matrix has several eigenvalues of the order of the particle number [32, 33] . Ref. [27] mentions the applicability of the MCT-DHB to particles with internal degrees of freedom, but does not further discussed or show an implementation of it. Moreover, MCTDHB is numerically exact: it can solve the time-dependent many-body Schrödinger equation (TDSE) to an arbitrary large degree of precision [35, 36] . Importantly, fragmentation and thereby correlations which are neglected in mean-field approaches like the Gross-Pitaevskii equation, are known to be present in spinor Bose-Einstein condensates (BECs) [37] [38] [39] [40] . For instance, it has been shown that fragmentation may emerge dynamically [38] , and that it is present in systems with spin-orbit coupling [39] or systems with angular momentum [37, 40] . This renders an in principle exact method like MCTDHB which can make accurate predictions for the many-body correlations of fragmented systems with internal degrees of freedom like spin or a level-structure a much needed and versatile tool.
The present paper derives the MCTDHB equations of motion for the case of bosons with an internal structure which may be seen as a generalization of the multi-orbital mean-field theory developed in Ref. [41] to the realm of many-body physics. The capabilities of the derived theory are demonstrated by exhibiting the emergence of fragmentation and correlations in a system with one-body potentials which are dependent on the internal state of the considered particles similar to the experimentally realized one in Refs. [8, 20] . A new kind of fragmentation which is qualitatively different from the single-component fragmentation of bosonic systems without internal degrees of freedom is found: composite fragmentation -the system's components maintain their coherence while the coherence between them is lost.
We mention here, that the software implementation of the theory developed in this paper has been incorporated into the MCTDH-X software and is freely available [42] .
The structure of the paper is as follows: in Section II, the equations of motion of MCTDHB for particles with internal degrees of freedom are derived, in Section III the emergence of fragmentation and correlations in the groundstate of a system with state-dependent one-body potentials is demonstrated. Conclusions and an outlook are given in Section IV.
II. MCTDHB FOR BOSONS WITH INTERNAL DEGREES OF FREEDOM

A. Schrödinger equation and Hamiltonian
Our task is the solution of the time-dependent many-boson Schrödinger equation
for a state |Ψ of interacting indistinguishable bosons with internal structure. It is assumed that the many-body HamiltonianĤ contains one-body and two-body operators,ĥ andŴ , respectively.
There is a one-body term for each boson and a two-body term for every pair of bosons, i.e.,
The · notation indicates the vector or spinor character of the operators. The one-body Hamiltonian h as well as the two-body HamiltonianŴ can be different for each internal degree of freedom and may contain couplings between them. For particles with ξ internal degrees of freedom one may
Here, 1
is the (transpose of the) α-th unit vector in the space of the internal degrees of freedom for the k-th particle. This ensures, that the respective operators acts on the α-th degree of freedom. Here and in the following, the index α is used for the internal degrees of freedom of the considered atoms. With the notation of Eq. (3) it becomes clear that the one-body termĥ α,α ′ transfers particles from internal state α to α ′ and that the two-body termŴ α,α ′ ,α ′′ ,α ′′′ transfers particles from internal state α to α ′ and from α ′′ to α ′′′ . In second quantized notation, the state |Ψ corresponds to a field operator,
Here, and in the following we employ the vector notation ϕ for multi-level orbitals and the symbol φ for their components. The orbitals with internal degrees of freedom ϕ k ( r; t) form an orthonormal and time-dependent basis. When we express the Hamiltonian in Eq. (2) with the operators
It is worthwhile to note here, that this Hamiltonian is of the same form as in the case of structureless bosons, and hence also the derivation of the MCTDHB equations of motion will be similar to the case of structureless bosons (see following subsection). Here, h kq are the matrix elements of the one-body Hamiltonianĥ,
and W ksql are the matrix elements of the two-body operatorŴ ,
The final prerequisite for the derivation of the MCTDHB equations of motion are the matrix elements of the reduced one-body and two-body density matrices,
Importantly, all the quantities [Eqs. (5), (6), (7), (8), (9) ] that are of relevance to the derivation of the MCTDHB equations of motion (cf. Ref. [26] ) can be cast in a form that is identical to the case of bosons without internal structure.
B. Derivation of the MCTDHB equations of motion
The MCTDHB method uses a multiconfigurational time-adaptive ansatz and many-body basis to tackle the TDSE (1),
Here, n is an occupation number vector, n = (n 1 , ..., n M ), of M time-dependent and mutually orthonormal multilevel orbitals or spinors ϕ k ( r; t) that are created by the operatorsb † k (t), For spin-
bosons with two internal degrees of freedom, for instance, the orbitals ϕ k take on the following form:
Note, that there is no relative phase between the different components φ α k of the orbital ϕ k : the components are described by general and unrelated time-dependent functions φ α k ( r; t). As we will see in the following, the components of different orbitals are coupled through the orthonormality constraint. The functional action of the TDSE, including Lagrange multipliers µ ij (t) to ensure the orthonormalization of the time-dependent multilevel orbitals, reads
Since the action functional is of the same shape as the one in the case of bosons without internal structure, the equations of motion are also of identical shape. They are stated here, for the sake of completeness and using the invariance property ϕ j |∂ t | ϕ k = 0 (see Ref. [43] ) to simplify their appearance. For the details of the derivation see, for instance, Ref. [26] .
Here, the local interaction potentialŝ
were defined. The above equations (14) and (15) the matrix elements h kq (t) and W ksql (t) that are in turn functions of the orbitals ϕ k . The orbitals equations are coupled to the coefficients' ones because the matrix elements of the reduced one-and two-body densities, ρ kq (t) and ρ ksql (t), are functions of the coefficients. An important distinction in the equations of motion from the case of structureless bosons [26] emerges in the projection operator: the different orthonormality relations for multileveled orbitals result in a more involved projection operator. One may rewrite P as follows for the case of ξ-leveled particles
In this notation, it becomes clear that the projection operator is built up from different and orthonormal spinor orbitals. Here, 1 denotes the unit matrix in the internal degrees of freedom.
Let us comment here on the solution of the equations of motion (14) and (15) for time-evolutions and eigenstates. Consider a Hamiltonian that preserves the total spin or the number of bosons in the different components of the system. The time-evolution generated by such a Hamiltonian, will of course also preserve the number of atoms in each component. For the computation of the ground states investigated in the following Section, Eqs. (14) and (15) that the wavefunction with a distribution of particles between the components that minimizes the total energy of the system is obtained as result of the imaginary time propagation. This concludes the exhibition of the MCTDHB equations of motion for bosons with internal structure. We move on to an application of the derived method to bosons in state-dependent one-body potentials.
III. EMERGENCE OF FRAGMENTATION IN SPIN 1 2 BOSONS IN STATE-DEPENDENT POTENTIALS
The experiment in Ref. [8, 20] realizes a Bose-Einstein condensate of atoms with two internal degrees of freedom which is confined in three-dimensional parabolic traps the minima of which have different positions for the two internal states of the atoms. In Ref. [8] the atoms are dynamically and reversibly entangled using a separation and recombination scheme and in Ref. [20] the excitation spectrum of the system is dynamically probed using sideband Rabi spectroscopy demonstrating a temperature of less than 30nK. Motivated by these experiments, we apply MCTDHB to a system of N = 100 one-dimensional bosons that have spin 1 2 and are governed by a Hamiltonian which contains both spin-dependent and spin-independent interparticle interactions. We compute the ground-state densities, fragmentation, and one-body correlation functions of the system as a function of the minima of the state-dependent potentials.
A. System Hamiltonian
We start our investigation by specifying the Hamiltonian of the spinor bosons that we consider in this section. In the following, we consider two internal states and label them α = + and α = −, respectively. Since we consider a quasi one-dimensional system, we will furthermore use the label x instead of r for coordinates. For the sake of simplicity, we assume that the spatial dependence of the inter-particle interaction is the same time-independent contact potential for all components or levels, i.e.,Ŵ ( x, x ′ ) = δ( r − r ′ ) ∀α. Furthermore, we employ dimensionless units for the sake of computational convenience. This means, we divide the Hamiltonian by 2 (mL 2 ) −1 , where m is the mass of the considered particles and L is a conveniently chosen length-scale. Explicitly, we find
As introduced previously, the 1 α (1 α,T ) is the (transpose of the) α-th unit vector in the space of the internal degrees of freedom that takes care that the respective operators act on each component of the spinors, respectively. The one-body potentials V α ( r) are given by
Here, ∆ is the distance or separation of the minima of the parabolic potentials of the + and − internal states of the atoms. See Fig. 1 for a plot of the above potentials.
The interparticle interaction in Eq. (20) contains a spin-independent contribution with the interaction strength λ α 0 that acts identically on each of the spinor components. Additionally, a spin-dependent contribution is present inŴ . It is scaled with the interaction strength λ 1 . The
1/2/3 are a realization of a spin algebra that mediate the spin-dependent interparticle interaction. Where present, the superscript indicates the coordinate space in which the spin operator acts.
The local interaction potentials [cf. Eq. (17)] for the interaction in the Hamiltonian in Eq. (20) read explicitly:
In the absence of interparticle interactions, i.e., if λ For an example of parameters to achieve these quasi-one-dimensional interaction strengths from the three-dimensional study in Ref. [44] , see Ref. [45] .
B. Quantities of Interest
The observables that we are going to use to analyze the ground states of N = 100 bosons in the state dependent trapping potentials of Fig. 1 are the one-body density, the fragmentation, and the normalized one-body correlation functions. Here and in the following, we will omit the dependence of quantities on time for notational convenience and because we are going to investigate eigenstates of a system and not its dynamics. We will furthermore use bold math symbols for quantities that have the internal degrees of freedom of the system and standard math symbols for quantities which do not have internal degrees of freedom.
The one-body density ρ(x) can be computed from the matrix elements of the reduced one-body density matrix and the orbitals ϕ k (x) as follows
Since the one-body density is a vector of densities in every internal degree of freedom of the considered particles, it is instructive to define the component and composite densities
and
respectively. Here, 1 α x indicates that each component α is projected to the same spatial coordinate x to form ρ +/− (x). The density ρ(x) quantifies the probability for all internal states, respectively, to find a particle at position x. The composite density ρ +/− (x) defines the probability to find a boson at position x irrespective of its internal state and the component densities ρ α (x) define the probability to find a particle in internal state α at position x.
Similar to the one-body density ρ(x), the normalized one-body correlation function g (1) is a multi-component quantity. Its definition [33, 34] is
where
is the reduced one-body density matrix. Analogous to the composite and component one-body densities, we define the component and composite normalized one-body correlation functions,
respectively. Here, the component reduced one-body density matrix, ρ (1),α = 1 α ρ (1) as well as the composite one-body density matrix,
indicates that each component is projected to the same set of spatial coordinates (x, x ′ ) to obtain ρ (1),+/− . The normalized one-body correlation function g (1) quantifies the coherence of the bosons and can be measured for instance in interference experiments [47, 48] . Let us note here that all, the total, composite, and component normalized one-body correlation functions are fixed to unity in the case of a mean-field state of the system [33, 34] . Therefore, the one-body correlation functions may be used to quantify the failure of a mean-field description to describe a given system's state.
To summarize, g (1) (x, x ′ ) gives a spatially resolved picture of how well the reduced density matrix ρ (1) (x, x ′ ) can be described by a single complex valued function, i.e., a mean-field approach at x, x ′ .
It remains to define fragmentation, which quantifies what fraction of the bosons does not occupy the eigenfunction of the reduced one-body density matrix or natural orbital corresponding to the largest eigenvalue. To determine the fragmentation F , we hence determine the eigenvalues of the matrix-elements ρ kq of the reduced one-body density matrix [Eq. (8)], the so-called natural occupations ρ
This concludes the exhibition of the quantities of interest and we now move on to the discussion of the results.
C. Results
We now set out to analyze how the physics of a sample of N = 100 bosons in the state-dependent potentials V α (x) depends on the separation ∆. We use M = 3 orbitals in the present study which yields a problem set including 5005 coefficients. By testing with M = 4 and 176851 coefficients for the fully fragmented cases with large ∆, we assessed the convergence of our results with respect to the number of orbitals. In our simulations, we used a discrete variable representation [49] of 512 functions on a grid of extent [−10, 20] . We checked the exactness of our grid representation by making sure that the densities are less than 10 −10 of their maximal values on the edges of the grid.
Furthermore, we assessed that the energy differs by a factor less than 10 This is in stark contrast to bosonic atoms with contact interactions and without internal degrees of freedom, where fragmentation in single well traps is almost absent [50, 51] . In the present case of atoms with internal degrees of freedom, weak interactions are sufficient to yield a fully two-fold fragmented state for ∆ 4, where F ≈ 0.5 and ρ To asses this, one may investigate correlation functions or plot the orbitals' components. We defer a detailed analysis of the coefficients and orbitals which build up the many-body wavefunction to the Appendix and move on to investigate the spatial one-body correlation functions g (1) (x, x ′ ) of the system encompassing its fragmentation.
To get a spatially-and state-resolved picture of fragmentation in the two-component system, we plot the composite and component correlation functions |g
respectively, for various separations ∆ in Fig. 3 . When the separation is close to zero, the coherence of the sample is maintained in all space, since both, the component and composite correlation functions are almost unity, i.e., |g
row of panels in Fig. 3 ). As soon as the separation ∆ is increased, the off-diagonal of the composite correlation function starts to drop to zero rapidly -the component correlation functions, however, show clearly that the coherence within the two internal states of the atoms is maintained, i.e. Fig. 3 ). When the system is fully split, the components still maintain their coherence while the composite coherence is almost completely gone (see bottom row of Fig. 3 ). The fragmentation observed here hence differs qualitatively from fragmentation in the case of bosonic particles without internal structure: the coherence is lost not between the atoms in one component, but between the atoms in distinct components of the system. We hence term this kind of fragmentation "composite fragmentation" as opposed to "component fragmentation" which can also be seen for single-component systems (see for instance Refs. [29, 31, 52] ). The composite correlation function bears some resemblance to the case of bosons without internal degrees of freedom in a double well with a large barrier [33] . Since composite fragmentation emerges when the spatial overlap of the component densities becomes small, we infer that this triggers fragmentation in the present case.
IV. CONCLUSIONS
The theory described here for bosons with internal structure constitutes a generalization of the MCTDHB method which substantially enriches the many-body physics that can be described with the approach. Since MCTDHB is a method that is in principle exact -once convergence with the number of variational parameters is achieved, the result is a solution of the full timedependent many-body problem -numerically exact solutions of the time-dependent many-body Schrödinger equation for interacting bosons with internal degrees of freedom are enabled by this work. Moreover, the software implementation of MCTDHB for systems with internal degrees of freedom which was used to obtain the results in this work is incorporated in the MCTDH-X software and openly available [42] .
The emergence of fragmentation was found in the ground state of N = 100 bosons, when the minima of their state-dependent parabolic one-body potentials are taken apart. Interestingly, the emergent fragmentation is visible in a decreased coherence quantified by the composite correlation function and absent in the component correlation functions. Such a buildup of correlations and loss of coherence cannot be present in single-component systems, because these can have correlations only between atoms in distinct orbitals and not between atoms in distinct components. We hence term the emergent phenomenon composite fragmentation as opposed to component fragmentation which may also be present for bosonic particles without internal structure.
As further directions, we would like to mention here the application of MCTDHB to nonequilibrium, i.e., dynamical systems and to further scrutinize and assess the physics of the interplay of composite and component fragmentation of time-independent and time-dependent systems. Appendix: Detailed analysis of the many-body wavefunction
In this appendix, a detailed analysis of the many-body wavefunction Ψ (Eq. (10)) is performed.
For this purpose, we plot the natural orbitals ϕ For small separations before fragmentation sets in, the natural orbitals are "delocalized" between both internal degrees of freedom, see Fig. 4 . As soon as the separation becomes large enough for the fragmentation to reach is maximal value, the orbitals "localize" in one internal state. This sheds further light on the structure of the correlation functions ( Fig. 3) : the components appear to be fully coherent, because each of them is described by an orbital which has practically all its density in a singly component. The composite coherence is lost, because the composite system can only be represented by at least two orbitals (compare Figs. 3 and 4) .
From the above analysis of the natural orbitals of the system, one might infer that its fragmentation may be described by single-configurational states, i.e., states which have only a single contributing coefficient C n in their many-body wave function Ψ = n C n | n; t . This, however, is not the case as we shall show now. To this end, we plot the magnitude of the coefficients |C n | . As one can clearly see from the middle and lower panel of Fig. 5 , the fragmented system is described by many configurations and not a single one. Hence, we infer that mean-field theories [14] or even multi-orbital mean-field theories [41] are not applicable to the present system. , 0 for which the bosons are equally distributed in the first two one-particle basis states. For small separations, the system is essentially described by a single coefficient. Encompassing its fragmentation, the distribution of coefficients centers itself around the equally partitioned configuration 
